Using simplicial machinery, which is analogous to that developed by Bousfield-Kan, we describe a first quadrant homotopy spectral sequence for a termwise connected pointed simplicial space X in terms of differential relations on the normalized homotopy of X and establish the existence of a smash product pairing.
Introduction
As stated by Bousfield-Friedlander [2, Appendix B] "many constructions in algebraic topology can be achieved by first forming an appropriate bisimplicial set and then applying the diagonal functor." For example Goerss-Jardine [8, IV.5.1] use this technique to formulate the homology Serre spectral sequence. Following this approach one readily deduces that the Eilenberg-Zilber chain map ∇ [13, page 234; 15, page 64] induces a pairing on the homology Serre spectral sequence; moreover, this pairing abuts to the homology cross product pairing (see [13, Ch.9.4; 15, XIII.8] ).
Let X be a pointed simplicial space. For simplicity we assume that X is termwise connected; i.e., X n is a connected space for each n 0. By [2, Theorem B.5] there is a first quadrant spectral sequence with E 2 s,t (X) ∼ = π s (π t X) converging strongly to π s+t diag X. Using the basic properties of ∇ (see [9, page 133] , where it is called the Eilenberg-Mac Lane map) one readily deduces that ∇ induces a pairing E Here we also assume that Y is a termwise connected pointed simplicial space. Our key result (Theorem 4.6), which relies heavily on the seminal work of Bousfield-Kan [3] , asserts that there is an induced spectral sequence pairing. We deduce its existence by analyzing the homological properties of a family of pointed simplicial spaces which serve as universal examples of relations on the normalized homotopy of X. The idea of using these examples to demonstrate the existence of the homotopy spectral sequence smash pairing is due to Pete Bousfield.
In Section 2 we discuss some well-known results relating bisimplicial abelian groups and first quadrant double chain complexes, and we reformulate the spectral sequence of a first quadrant double chain complexes in terms of a family of differential relations. In Section 3 we construct the homotopy spectral sequence of X and compare it to the the spectral sequence derived from the spiral exact sequence of Dwyer-Kan-Stover [5] and to the Bousfield-Friedlander spectral sequence [2] . Finally, in Section 4, we show that ∇ induces a smash pairing of the homotopy spectral sequence.
Throughout this note we use the term "space" to mean "simplicial set," and we assume that the reader is familiar with model categories as defined by Quillen [10] .
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2. The homology spectral sequence of a simplicial space
Simplicial abelian groups and chain complexes
Let s Ab denote the category of simplicial abelian groups, and let S (resp. S * ) denote the category of spaces (resp. pointed spaces). For A ∈ s Ab, let N * A denote the normalized complex with 
Neglecting the binary operation of a simplicial abelian group induces the forgetful functor s Ab → S * , and, as is well known (e.g. [8, page 153] ), there is a natural isomorphism H * (N A) ∼ = π * A. The forgetful functor has a left adjointZ which sends a pointed space X to the simplicial abelian group generated by the simplices of X with the base vertex of X and its degeneracies put equal to zero. For a pointed space X, we can useZ to obtain the reduced homologyH * (X) = H * (NZ X); moreover, the adjunction map X →Z X induces the Hurewicz homomorphism h : π * (X) → H * (X) (e.g. [8, III.3] ).
Bisimplicial abelian groups and double chain complexes
Let bis Ab denote the category of bisimplicial abelian groups. One can think of a bisimplicial abelian group B as a collection of abelian groups B m,n for m, n 0 together with horizontal and vertical simplicial operators (
) ∈ ∆ × ∆ such that each horizontal operator commutes with each vertical operator. Here ∆ is the skeletal subcategory of finite ordered sets and non-decreasing maps consisting of objects [n] = {0, 1, . . . , n} for n 0. For B ∈ bis Ab, the double normalized complex N * N * B is supported in the first quadrant and is given by 
The complex tot B has an increasing canonically bounded [14, page 132] filtration with
Thus the associated first quadrant spectral sequence with (N diag B) , where diag B is the diagonal simplicial abelian group given by (diag B) n = B n,n .
Differential relations
As in [3, 3.1] we shall find it more convenient to work with an explicit formulation of the homology spectral sequence of a bisimplicial abelian group rather than the implicit construction obtained from the filtration (cf. [1, page 14] ).
Let B be a bisimplicial abelian group. For m r 1, let
denote the relation defined by (x, y) ∈ δ r if and only if there is a zig-zag of elements connecting x and y, in the sense that there are elements
. We view δ r as the graph of a multivalued function
and write d r x = y if (x, y) ∈ δ r . Further details regarding relations can be found in [15, Appendix B] . Working in this spirit we define, respectively, the domain, image, kernel and indeterminacy of d r by
A straightforward calculation shows that these relations have the following properties: 
Convergence relations
The target of the homology spectral sequence carries an induced filtration defined by 
is the homomorphism induced by the canonical map B 0 → diag B and the natural isomorphism
, (v) ind e n = im e n−1 , (vi) dom e n contains only infinite cycles in the sense that e n x = y =⇒ d r x = 0 for all r, (vii) ker e n contains only infinite boundaries in the sense that e n x = 0 =⇒ ∃q 1 such that x ∈ im d r for all q r n. Using these properties we deduce that each relation e n induces an isomorphism
The homology spectral sequence
For a pointed simplicial space X, letZ X denote the bisimplicial abelian group generated by the simplices of X with the base point and its degeneracies put equal to zero. Let {E r (X;Z)} denote the first quadrant spectral sequence obtained from Z X. We have 
The homotopy spectral sequence
For a pointed cosimplicial space, Bousfield-Kan [3] constructed a homotopy spectral sequence generalizing the spectral sequence of a horizontally filtered second quadrant double chain complex. Here we present a simplicial analog of their construction. Let s S * denote the category of pointed simplicial spaces.
Partial matching spaces
For a space K and a pointed space Y the external half-smash product K˜ Y is the pointed simplicial space given by (K˜ Y ) n = ∨ Kn Y . The functor K˜ − : S * → s S * has a right adjoint M K which sends X to the equalizer
For a model category C, Reedy [11] showed that the category s C of simplicial objects over C carries the structure of a model category. In the Reedy model structure a map f : X → Y of pointed simplicial spaces is (i) a weak equivalence if the map f n is a weak equivalence of spaces for each n 0, (ii) a cofibration if it is injective and (iii) a fibration if the induced map d : X n → Y n M n Y M n X is a fibration of spaces for each n 0. If X is a fibrant pointed simplicial space, then X n ∈ S * is fibrant for each n 0. 
The Reedy model structure and the external half-smash product
For a pointed space X, the pointed simplicial space
is not a trivial cofibration of pointed simplicial spaces. Thus the external half-smash product functor −˜ − : S × S * → s S * does not necessarily carry trivial cofibrations of spaces and cofibrations of pointed spaces to trivial cofibrations. The following relates the external half-smash product functor and the model structures of S × S * and s S * .
is a cofibration (resp. trivial cofibration) of pointed simplicial spaces.
Proof. For a cofibration (resp. trivial cofibration) f : X → Y ∈ S * , the induced map ∆[0]˜ f : X → Y ∈ s S * is a cofibration (resp. trivial cofibration) of pointed simplicial spaces. The proof now follows from [12, Corollary 7.4 ].
For a model category C and objects
where ∼ is a suitable homotopy relation on maps.
External smash products
For pointed spaces X, Y the external smash product X∧ Y is the pointed simplicial space given by ( 
where hom * (−, −) : S * × S * → S * is the pointed mapping space functor and X n is the "discrete" pointed space of n-simplices of X. The functors C X and M X are related by the cartesian square of pointed spaces 
(1) 
There is a cofibration
and a weak equivalence D 
where σ : [s]
[n] ranges over the surjective maps for each s n 0.
Homotopy cofiberings of pointed simplicial spaces
We say that
is a homotopy cofibering in s S * if there is a commutative square 
Proof. In general a weak equivalence S n+t → S n ∧ S t ∈ S * does not exist; nevertheless, using the geometric realization functor | − | and its right adjoint, the singular complex functor sing [9, §14] , as well as the standard homeomorphism [15, 
Thus we may identify [S n ∧ S t , diag X] and π n+t diag X. Since diag : s S * → S * carries cofibrations and weak equivalences to cofibrations and weak equivalences respectively, a total left derived functor L diag exists; moreover, we may assume that L diag X = diag X for each X ∈ s S * .
For a termwise connected pointed simplicial space X, we define e n : N n π t X π n+t diag X, for 0 n and 1 t, by e n x = y if and only if there is a map f : S n,t → X ∈ Ho s S * such that 
(vii) dom e n contains only infinite cycles. 
Proof. Property (ii) is obvious. For d 1 , property (i) follows by Proposition 3.3. Using the natural isomorphisms
for each n + t 1, and (iii) readily follows for e n . By the proof of [5, 6.3] , we see
is obtained from the homotopy cofibering
This proves property (iv). Using (5), Lemma 3.4, (6), as well as the homotopy cofibration sequence
n−1,t ∈ Ho s S * , we deduce properties (v) and (vi). To prove property (vii) we factor the map i :
To prove these relations coincide with those of Sections 2.3 and 2.4, we use the fact, which follows from Reedy [11] , that the category bis Ab has the structure of a model category in which a map f : A → B is a weak equivalence (resp. fibration)
for n 0, and show that exact couple extends naturally to all termwise connected pointed simplicial spaces.
Proposition 3.7. For a termwise connected pointed simplicial space X, the homotopy spectral sequence of Section 3.7 and the Dwyer-Kan-Stover spectral sequence are naturally isomorphic.
Proof. For a termwise connected pointed fibrant simplicial space X, the DwyerKan-Stover spectral sequence is derived from the fibration sequence
Using (1) we deduce that this spectral sequence can be derived from the exact couple
It follows that the associated differential relations are the same as those of Section 3.6. Thus the two spectral sequences are naturally isomorphic.
For a termwise connected fibrant pointed simplicial space X, let (P t X) n ∈ S * denote the t th -Postinkov sections of X n and let (F t X) n denote the fiber of the canonical map (P t X) n → (P t−1 X) n . By [2, B4] there is a homotopy fibration diag F t X → diag P t X → diag P t−1 X. Thus there is an exact couple [2, B5] . The corresponding spectral sequence is a special case of the Bousfield-Friedlander spectral sequence. By [5, 8.4 ] the DwyerKan-Stover spectral sequence is naturally isomorphic to the Bousfield-Friedlander spectral sequence. 
The map ∇ is graded commutative in the sense that 
Thus ∇ induces a natural graded commutative pairing
Note that this pairing also is associative. For bisimplicial abelian groups A and B the composition
where ∇ g is the graded shuffle map given by
is an associative and graded commutative pairing. for r 1.
Proof. The proof of the theorem follows readily from the observations that the pairing of two cycles is a cycle, the pairing of a boundary and a cycle is a boundary, and the shuffle maps carry
The induced pairing
Using the natural isomorphism
and the Hurewicz isomorphism theorem, we obtain an isomorphism
.
denote the element corresponding to the image of (−1)
Let X and Y be fibrant pointed simplicial spaces. Using the natural isomorphism of Proposition 3.3 and (8) we obtain a natural map is an isomorphism for 0 n q + t + r − 1 and onto for n = q + t + r.
